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A theoretical model of combustion in spherical TNT explosions at large Reynolds, Peclet
and Damk hler numbers is described. A key feature of the model is that combustion is treated
as material transformations in the Le Chatelier plane, rather than "heat release". In the limit
considered here, combustion is concentrated on thin exothermic sheets (boundaries between fuel
and oxidizer). The products expand along the sheet, thereby inducing vorticity on either side of
the sheet that continues to feed the process. The results illustrate the linking between turbulence
(vorticity) and exothermicity (dilatation) in the limit of fast chemistry thereby demonstrating
the controlling role that fluid dynamics plays in such problems.

Introduction

Considered here are turbulent combustion fields generated by the explosion of a 1-gram
spherical charge of TNT. As pointed out by Anisimov and Zel’dovich [1,2], the shock-
accelerated interface between the expanding detonation products and the surrounding air is
unstable [3,4], and rapidly evolves into a turbulent mixing layer. Anisimov et al. identified two
mixing regimes: (i) an early-time regime where the mixing layer thickness is small compared to
the mean fireball radius, and (ii) a late-time regime where turbulent mixing fills the entire
fireball. The evolution of the turbulent mixing layer in a non-reactive (Nitrogen) atmosphere
was reported previously [S5]. Described here is the reactive case—in an air atmosphere.

Formulation

The expanded detonation products from the TNT charge are rich in C, and CO which
serve as a fuel; when mixed with air, they combust (after-burn) releasing another 2,500 Cal/g [6]
over and above the detonation energy of 1,093 Cal/g. Combustion takes place in the turbulent
velocity field of the hot combustion products, so that the oxidation rate is, in effect, controlled by
the turbulent mixing rate. The model recognizes three fluids: fuel-F (expanded TNT detonation
products), oxidizer-A (air), and combustion products-P. We consider the exothermic-flow limit
[7] where Reynolds number Re — <o, Peclet number Pe — oo, Damk hler number Da — oo, and
Mach numberMa >0. In this limit, effects of molecular transport are small [8], and are
therefore modeled as sub-grid processes. As is typical of combustion in unmixed systems, the
fuel reacts with the oxidizer in stoichiometric proportions.

Multi-fluid Model

In the limit of Re — <o, the mixture, m, obeys the gas dynamic conservation laws :

Mass: ap,+V-(p,u)=0 (1)
Momentum: dp,u+V-(p,un)=-Vp_ 2)
Energy: 0,p,(u, +u-u/2)+V-p (v, +u-u/2ju=-V-(p, u) 3)

where p,u, p and u denote the density, specific internal energy, pressure and velocity.
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These are supplemented by auxiliary balance laws for mass and energy to follow the
evolution of the thermodynamic variables of each fluid throughout the domain. In the limit of
Pe — oo, the mass balance equations for the fluids acquire the form:

Fuel: a,p;+V-(pu)=—p, C))
Air: 0ipa+ V- (p,u)=—0p, (5)
Products: op,+V-(pu)=(1+0)p, 6)

where 0 denotes the stoichiometric coefficient (¢ = 3.2 for TNT-air). These equations contain
source/sink terms that sum to zero thereby satisfying mass conservation (1) for the mixture.
Also in the limit of Pe — <, the energy balance equations for the fluids become:

Fuel: o,puy +V - (pruyn)=—p.V-u—u.p, (7
Air: apu,+V-(puu)=-pV-u—u,0p, (8)
Products: d,ppup + V- (ppupu) = —p,V-u+u,(1+0)p, )

These equations contain source/sink terms that sum to zero, consistent with energy conservation
for the mixture (3). Combustion influences these fields through the source p,.

In the limit of Da — o, the combustion zone collapses to an infinitely-thin exothermic
surface: x (t) which acts simultancously as a sink for ' & A and a source for P. It may be

represented by a Dirac delta function, §:

pAx,0)0(t—1t) (1S A <)

p,x,0D8(—-1)c (OD<A<]) (10)

p,(x,t) = {
where ¢, denotes the time when the fluid particle passes through the exothermic surface, while
A(x,t) =[Air - Fuel ratio}/ 0. The meaning of this notation is:

o {mp/av (1A < )

J [ puavar= m f(G8V) (O<A<I) (an

Thermodynamic Model

Following [9], the thermodynamic properties of the fluids are represented as loci of states
in the Le Chatelier diagram of specific internal energy: «, as a function of the thermodynamic
parameter: w, = p,v, (K=F,A R &P), as depicted in Fig. 1. The air curve, 4, is based on
thermodynamic equilibrium calculations [10]. The fuel curve, F, is based on CHEETAH
calculations for TNT [11]. 4 and F mix to form reactants R according to the stoichiometric rule:

up = (uy +ou,)/(1+0) & we =(w, +ow,)}/(1+0) (12)

Starting with points on R, the STANJAN code [12] was used to calculate corresponding
thermodynamic equilibrium points on the products curve P. In particular, point / on R
transforms to point 4p on P for combustion at constant enthalpy & pressure, or to point v on P
for combustion at constant energy & volume. These curves were fit with linear functions:
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u, =—031909 +2.65352w, & u, =-5.28788+4.1405w, (13)
u, =—151278+2.98856w, &  u,=-—4.82385+5.40184w, (14)

where [u], [w] = kJ/g. The above suggest the following form for the equations of state (EOS):
ug = Fe(we) = g |+ Cewy (15)

Function F, represents the general curve of Fig. 1; it is well approximated by the linear relation
(15) in the domain of interest; its inverse: F'(u,) allows one to evaluate w, from its specific
internal energy u,. Thus, the pressure in a pure fluid K becomes:

Px = PxWg = Pilug +Iqu]/CK (16)

while for a multi-fluid cell, the mixture pressure is

Pn =pmwm :pm[um +Iqml]/Cm (17)

which is based on the mixture properties established by the ideal mixing rules:
P = 2Pk Pu¥n =2 PxWx Pulty = 2 Pty PnCo= 2 PxCWi! Wy Pon =2, Pxdx (18)
k X K K X

Combustion Model

The combustion model takes into account three sub-grid processes: (i) reactants
Jformation: fuel and air molecularly mix in stoichiometric proportions (12) to form reactants (thus
modeling sub-grid mass diffusion); (ii) transformation in the Le Chatelier plane: reactants are
transformed into products at constant uv (for closed systems) or at constant Ap (for
deflagrations); (iii) thermal equilibration: between post-combustion fluids in the cell (thereby
mimicking heat diffusion).

Application

The model was used to simulate the explosion of a 1-gram spherical TNT charge in an air
atmosphere. The gas dynamic conservation equations for the mixture (1)-(3) were integrated by
means of a higher-order Godunov scheme [13], while the auxiliary mass and energy balance
equations for the fluids (4)-(9) were advanced as convection equations using the same Godunov
scheme. Adaptive Mesh Refinement [14,15] was used to follow the mixing on the grid.

A cross-sectional view of the flow field is presented in Fig. 2. Material fields are
visualized as yellow fuel, blue air and red combustion products. Velocity fields are visualized by
means of vorticity contours (furquoise=positive & charteuse=negative) and dilatation contours
(black=negative). Exothermic cells are marked by white stars. Expansion of the TNT products
drives a spherical blast wave into the surrounding atmosphere [16]. The shock-accelerated
interface between F' & A is unstable and rapidly evolves into a turbulent mixing layer. A
secondary (backward facing) shock develops due to the over-expansion of the detonation
products [S]. This shock implodes at #= 0.115ms thereby pulling air towards the center,
forming deep Taylor cavities. Kelvin-Helmholz rollups are visible on the cavity walls. After
reflection at the center, the secondary shock propagates back through the mixing layer, creating
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additional vorticity due to baroclinic effects (Fig. 3). This leads to the development of
distributed combustion regime where exothermic effects occur throughout the mixing layer.

Blowups of the exothermic fields near a large-scale structure are shown in Fig. 4. In this
simulation, combustion is confined to thin exothermic sheets (boundaries between fuel and
oxidizer). The exothermic sheet acts as a dilatation source—causing the products to expand
along the sheet rather than normal to it, as in laminar flames. This generates vorticity on either
side of the sheet—forming, in effect, an exothermic doublet—that continues to supply fuel and
oxidizer to the sheet via local mixing. Pressure contours pass through the sheet unaffected—
attesting to the fact that combustion is an isobaric process. The exothermic doublet sheet is
continually entrained into the mixing layer—thereby filling the products with vorticity, as
predicted by Zel’dovich [17] in 1949.

The mass-fraction, u(r), of fuel consumed by combustion of a 1-gram spherical TNT
charge is shown in Fig. 5. Fuel consumption rates depend on confinement (chamber volume),
with the unconfined case taking virtually an infinite amount of time to consume all the fuel.

Figure 6 displays the pressure histories generated by the detonation and combustion of a
0.8-kg TNT cylinder in a 16m’ chamber. The 3d-AMR simulation results are in good agreement
with the experimental pressure measurement thereby validating the combustion model for this
class of flows.

Conclusions

A theoretical model of combustion in spherical TNT explosions at large Reynolds, Peclet
and Damk hler numbers is described. It is comprised of: (i) a Multi-fluid Model (consisting of
the gasdynamic conservation laws for the mixture, supplemented by mass and energy
conservation laws for each fluid, each containing the appropriate source/sink terms); (ii) a
Thermodynamic Model, and a (iii) a Combustion Model (that takes into account sub-grid mass
diffustion of F & A to form reactants, material transformation from reactants to products, and
thermal equilibration of gases due to sub-grid heat diffusion). A key feature of this model is that
combustion is treated as material transformations in the Le Chatelier plane rather than heat
release. In fact, heat is not released; instead, combustion simply re-arranges the masses and
energies among the fluids in an exothermic cell under the constraint of mass and energy
conservation for the mixture (i.e., the mixture mass and total energy equations are devoid of
sources).

In the limit considered here, combustion is concentrated in thin exothermic sheets
(boundaries between fuel and oxidizer). The products expand along the sheet creating an
exothermic doublet that continues to feed the sheet with fuel and oxidizer due to local mixing.

The Model presented here illustrates the link between turbulence (vorticity) and
exothemicity (dilatation) in the limit of fast chemistry thereby demonstrating the controlling
role that fluid dynamics plays in such flows.
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Figure 1. Le Chatelier diagram of states for combustion of Fuel-F (expanded TNT detonation
products) with Air-A, forming stoichiometric Reactants-R, which transform into equilibrium
combustion products-P.
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Development of the Turbulent Combustion Layer

Early-Time Mixing Implosion
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Figure 2. Evolution of the turbulent combustion field generated by the detonation of a 1-gram
spherical TNT charge in air. TNT explosion products (shown as yellow) mix with air (depicted
in blue) to form combustion products (represented as red). Exothermic cells are marked with
white dots. Vorticity contours are furquoise (positive) and chartreuse (negative), while
compressional dilatation contours are black.
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Development of the Distributed Combustion Regime
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Figure 3. Emergence of the secondary shock from the mixing layer, leading to the emergence of
a distributed combustion regime of energy deposition.
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Exothermic Fields

(a) material fields (c) vorticity field
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e
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(b) pressure field (d) expansion field
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Figure 4. Visualization of the exothermic fields near a turbulent combustion structure. The
material fields, with overlays of vorticity, dilatation and exothermic cells, are shown in frame (a)
(same notation as Fig. 2). The pressure field (gray contours), along with the vorticity field and
expansion field (red contours of V-u>0) induced by the exothermic cells (black dots) are
visualized separately in frames (b), (c) and (d) respectively.
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Figure S. Mass-fraction of fuel consumed during combustion of a 1-gram TNT charge in
different chamber volumes (1=0.71, 2=61; 3=501; 4=4001) compared with the unconfined case.
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Figure 6. Comparison of a static pressure history from a 3d-AMR calculation with a pressure
measurement for combustion of a 1-kg cylinder of TNT in a 16m® chamber.
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